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Abstract
The characteristics of the melt convection and the melt deformation process in two crystal growth techniques,
Czochralski (CZ) and 5oating zone (FZ) methods, are investigated with three-dimensional numerical simulation
using generalized simpli7ed marker and cell—7nite element method (GSMAC-FEM). Large eddy simulation
(LES) with the Smagorinsky model is applied to calculate the melt convection with high Rayleigh numbers
in the CZ method, and level set method (LSM) is adopted for the computation of liquid bridge deformation.
First, the CZ (LSM) melt convections are investigated with the boundary conditions in terms of the free
surface and the rotational rate changed. As a result, it is found that the heat radiation and the Marangoni
e;ect on the free surface encourage the instability of 5ows, and the Coriolis’ force can largely suppress the
natural convection. Second, a series of simulations in terms of liquid bridge deformation are carried out with
the coil position, coil shape, and the magnitude of surface tension varied. After that, it turns out that those
are important factors in the melt shape. Moreover, it is proved numerically that the deformation of the liquid
bridge is kept small by the skin e;ect and large surface tension in the real FZ crystal growth.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Digital machines, such as personal computer, hand phone, and television, become familiar to us by
the rapid progress of the information technology. The vital parts of the digital goods, like CPU and
memory, are made of semiconductors, and they are put on the wafer obtained by slicing a silicon
single crystal. So the quality of the wafer is very important because it determines their performance.
Today, there are two main methods to produce the silicon single crystal. One is the Czochralski
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(CZ) method and the other is the 5oating zone (FZ) method. These methods are separately used
according to the characteristics of the products.
The CZ method is widely adopted as a crystal growth technique whose product is superior in
heat and mechanical strength. It is important to control the melt 5ow for the products of good
quality, especially to control the condition of the crystal/melt interface. The e;ect of heat radiation
becomes more noticeable in the large radius of a crucible because of the expansion of the free
surface area. Besides, the Coriolis’ force generated by the crucible rotation works on the 5ow in the
melt strongly [1]. So it is considered that the melt convection becomes more unstable and complex
than that obtained for a smaller crucible. Thus, in this study, characteristics of the melt convections
with di;erent boundary conditions in terms of the free surface and the change of the rotational rate
are investigated with three-dimensional numerical simulations.
The FZ method is a crystal growth technique whose product realizes high purity and a high
resistance rate. In this method, the growth process is carried out without contact with a crucible by
supplying the Joule’s heat by induction locally to a silicon polycrystal rod. So the molten crystal is
sustained by its surface tension. For this instability, the melt is often spilled out from the heating zone
in the crystal growing process. However, this problem can be almost settled if the growth process is
conducted under microgravity. There are two possible factors which work in the melt there, that is,
Marangoni convection [2,3] and the melt deformation. Although both e;ects should be investigated
thoroughly, the latter is only considered in this study. For this reason, three-dimensional numerical
simulations are carried out to analyze large deformation problems of an electrically conductive liquid
bridge. The hybrid 7nite element method-boundary element method (FEM-BEM) [4,5] is utilized for
the purpose of calculation with the open boundary problems such as an in7nite electromagnetic 7eld
economically. The computation of a free surface with large deformation process is stably conducted
by adopting level set method (LSM) [5,6].
2. Numerical approach for the CZ method
2.1. Mathematical model and governing equations
The measurements of the crucible radius and the depth at the center are 3:19× 10−1 and 4:04×
10−1 m, respectively. In the calculation, the hexahedron elements are used, and the melt is divided
into 34 in height, 37 in the radial direction, and 56 in the azimuthal direction. Temperatures of
the sidewall, the crystal/melt interface, and the ambient gas are 7xed at 1700, 1685, and 1273 K,
respectively. Temperature on the bottom wall decreases 5 K linearly from the side to the center. The
top melt surface is assumed to keep the shape 5at.
At the initial stage, the melt is at rest with the melting point temperature. Then, two kinds of calcu-
lations are carried out with di;erent purposes. First, the radiant and Marangoni e;ects are investigated
as Case 1. Here, both crystal and crucible are kept static. Second, the e;ect of the Coriolis’ force is
investigated with di;erent crucible rotational rates (0, 5, 10, and 20 rpm; Taylor numbers are 0;
9:96×1010; 3:99×1011, and 1:59×1012) as Case 2 after the calculation is performed with the crystal
and the crucible static until 200 s. Here, the condition on the free surface is adiabatic, and the
Marangoni e;ect is not taken into consideration. The computation is conducted in the rotational
coordinate system, and the rotational direction of the crystal and the crucible are set the same for
simplicity.
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Table 1
Physical properties of silicon melt
= 2:52× 103 kg m−3
= 3:00× 10−7 m2 s−1
 = 1:40× 10−4 K−1
T =−7:00× 10−5 N m−1 K−1
 = 2:64× 10−5 m2 s−1
 = 3:00× 10−1
Cp = 1:00× 103 J kg−1 K−1
Tm = 1685 K
The governing equations in the velocity and temperature 7elds are described as follows:
(1) In the melt:
∇ · v = 0; (1)
9v
9t + v · ∇v =−
1

∇P + ∇ · (v∇+∇v)− 2(× v) + g(T − Tm); (2)
9T
9t + (v · ∇)T = ∇
2T: (3)
(2) On the free surface:
[t(n)]′2 = T∇‖T; (4)
qout = (T 4 − T 4a ); (5)
where v, , P, , , , g, T , Tm, , t(n), Ta, T, ∇‖, and  are the velocity, density, sum of the
pressure and centrifugal force, kinematic viscosity, angular velocity, thermal expansion coeOcient,
gravitational acceleration, temperature, melting point, thermal di;usivity, stress vector, ambient gas
temperature, thermal coeOcient of surface tension, surface nabla operator, and surface emissivity,
respectively. Those equations are discretized by the FEM with the generalized simpli7ed marker and
cell (GSMAC) algorithm [3]. Physical properties of silicon melt are listed in Table 1.
2.2. Large eddy simulation
In this study, large eddy simulation (LES) with the Smagorinsky model, which accounts for the
e;ect of buoyancy, is applied to solve the high Rayleigh number problem (Ra= 8:44× 107). Then
Eqs. (2) and (3) are rewritten with the grid scale as follows:
9 Pv
9t + Pv · ∇ Pv =−
1

∇ PP + (+ SGS)∇ · ( Pv∇+∇ Pv)− 2(× Pv) + g( PT − Ti); (6)
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9 PT
9t + ( Pv · ∇)





SGS = (CSQ)2| PS|B; (9)
| PS|B =
(






where SGS, SGS, PrSGS are the Smagorinsky kinematic viscosity, thermal di;usivity, Prandtl number,
and CS, Q, S are the Smagorinsky constant, grid size, and rate-of-deformation tensor, respectively.
The values of CS and PrSGS are set at 0.1 and 1.0 in the whole calculation.
3. Numerical approach for the FZ method
3.1. Mathematical model and governing equations
A cylindrical model applies to the computational area of LSM and a coil in which alternating
current 5ows is wound on it. The position and the width of a coil can be changed freely. The air–
silicon area is divided into 24 in height, 30 in the radial direction, and 72 in the azimuthal direction,
and the coil is done into 1–2 in height and 60 in the azimuthal direction. The radius and the height
of a liquid bridge are 8:97× 10−3 and 2:5× 10−3 m, respectively, and it is set under microgravity
(set 0g in this calculation). The e;ect the Joule’s heat gives to the 5ow 7eld is not considered.
In this study, three kinds of calculations are carried out. First, the liquid bridge deformations are
investigated as Case 1 with the coil position and shape varied with the low frequency alternating
current (2 kHz). In the next place, the deformations depending on the magnitude of surface tension
are compared as Case 2. Lastly, the numerical analysis corresponding to the real FZ growth condition
is conducted with the high frequency alternating current (2 MHz) as Case 3. The current e;ective
value is set at 1:25 × 102 A in three cases. The governing equations are composed of the equation
of continuity and the unsteady Navier–Stokes equation in the velocity 7eld:
∇ · v = 0; (11)
9v
9t + (v · ∇)v =−
1

∇p+ ∇2v + 1

J × B− 1

s(∇ · n)n; (12)
where p, J, B, s, n, and  are the pressure, electric current density, magnetic 5ux density, surface
tension, unit vector at the interface pointing to outside, and approximate Delta function. These
equations are also discretized by FEM and solved by the GSMAC algorithm. Physical properties of
silicon melt and air are listed in Table 2.
3.2. Hybrid FEM-BEM
BEM is superior in the calculation of an in7nite area to FEM. On the other hand, FEM is e;ective
to the calculation of an object with a complicated shape when an appropriate boundary condition is
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Table 2
Physical properties of silicon melt and air
Silicon melt
1 = 2:33× 103 kg m−3
1 = 4:30× 10−7 m2 s−1
m1 = 1:06× 106 S m−1
s = 7:35× 10−3–6:00× 10−1 N m−1
r = 1:00
Air
2 = 2:08× 10−1 kg m−3
2 = 3:84× 10−4 m2 s−1
m2 = 0:00 S m−1
given. In this study, the hybrid FEM-BEM formed by the combination of the merits of two methods
is applied to the computation of the magnetic 7eld physical quantities by the A −  method [1].




Fig. 1 shows the comparison of the isotherms on the horizontal plane between the adiabatic con-
dition and the condition in which the radiation and the Marangoni e;ect are taken into consideration
in Case 1. It is found that the temperature distribution in Fig. 1(b) is complex and some lumps
with high temperature are formed near the free surface, while the isotherms are not observed except
under the crystal/melt interface in Fig. 1(a). This phenomenon is derived from the instability of the
melt 5ow caused by the radiation and Marangoni e;ect [7]. If a small 5uctuation occurs near the
free surface, it is 7nally promoted and stabilized with the help of both density and surface tension
gradients. That is why the di;erence between two cases is so clear, and this is also re5ected in the
incoming heat 5ux de7ned as
∫
dT=dn dS through the crystal/melt interface in Fig. 2. When the
heat radiation on the free surface is considered, the magnitude of heat 5ux to the crystal is reduced
because the melt is cooled on the way from the crucible to the crystal. However, it is found from the
average values that the Marangoni e;ect does not in5uence the melt 5ow largely. This tendency can
be simply evaluated with two dimensionless numbers, that is the Rayleigh number (Ra=gL3QT=)
and the Marangoni number (Ma= |T|LQT=). If the representative length L becomes twice, the
Rayleigh number increases by 8 times while the Marangoni number does by twice. So the natural
convection becomes dominant as the size of a crucible becomes large, and the Marangoni e;ect is
relatively weakened by this convection.
Fig. 3 shows the comparison of the isothermal surfaces between four cases in Case 2. As the
increase of the crucible rotational rate, the Coriolis’ force grows stronger. As a result, the natural
convection is largely suppressed and the melt condition 7nally changes from the three-dimensional
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(a) (b)
Fig. 1. Isotherms on the horizontal planes (z=4:00×10−1 m) with QT =1 K at 400 s in Case 1. (a) Adiabatic condition























Fig. 2. Comparison of the incoming heat 5ux through the crystal/melt interface in Case 1.
asymmetrical turbulence to the two-dimensional axisymmetrical 5ow as shown in Fig. 3(d). Fig. 4
shows the comparison of the histories of temperature 5uctuation at a point just under the crystal/melt
interface. These graphs re5ect the characteristics of the 5ow 7eld well. When the rotational rate is
set small, the 5ow structure gets complicated as shown in Fig. 3(b) because of the competition
between the buoyant force and the Coriolis’ force. So the amplitude of the temperature 5uctuation
becomes large as shown in Fig. 4(a). However, as the Coriolis’ force gets dominant, it is observed
that the 5uctuation is suOciently controlled in Fig. 4(b).
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(a) (b)
(c) (d)
Fig. 3. Comparison of the isothermal surfaces in Case 2. (a) Case 2.1 (0 rpm); (b) Case 2.2 (5 rpm); (c) Case 2.3
(10 rpm); (d) Case 2.4 (20 rpm).
4.2. FZ method
Fig. 5 shows the comparison of the deformation processes between four cases with the surface
tension 7xed at 7:35×10−3 N m−1. The coil positions of Cases 1.1, 1.2, and 1.3 are set at 2:00×10−2,
1:50 × 10−2, and 1:00 × 10−2 m from the bottom, respectively, and their coil widths in height are
5:00 × 10−3 m. On the other hand, the coil width in height is twice in Case 1.4 with the current
e;ective value kept the same, and it is set at 1:50×10−2 m. When the alternating current is imposed
on the silicon melt, the induced current occurs and it 5ows in the direction of easing the variation
of the magnetic 5ux density. This is called eddy current, and it generates the inward Lorentz force.
So in any case, the liquid part located near the circular coil yields to pressure generated by the
Lorentz force and dents inside. From the Figs. 5 and 6, it is observed that the liquid shape and
the deformation quantity depend on the relative coil position and the coil width. In this study, the
deformation quantity in Case 1.2 is the largest. While the liquid parts at the coil position are curved



































Fig. 4. Histories of temperature 5uctuation and its average value just under the crystal (x = 0:00 m, y = 0:00 m,
z = 4:00× 10−1 m) in Case 2. (a) 5 rpm and (b) 20 rpm.
smoothly in Cases 1.1, 1.2, and 1.4, this liquid part is swelled a little in Case 1.3 because of the
equilibrium of the Lorentz force worked on the horizontal plane.
Fig. 7 shows the results in which the magnitude of surface tension is changed intentionally. Each
surface tension in Fig. 7(a)–(c) is increased to 2, 5, 10 times as large as the one in Fig. 5(b) (Case
2.1), and Fig. 7(d) shows two-dimensional distribution of the level set function and velocity on the
vertical plane which passes the central axis in Case 2.4. The deformation is restricted as the increase
of the magnitude of surface tension. This is also con7rmed by two-dimensional surface lines in
Fig. 8 quantitatively. The quantity of deformation becomes reduced as the magnitude of surface
tension increases. This phenomenon indicates that the Lorentz force which turns inside a liquid
bridge is balanced with the outward force in proportion to the magnitude of curvature and surface
tension as shown in Eq. (12). It is also found that the deformation quantities of Cases 2.3 and
2.4 are not so di;erent. So the di;erence of the deformation velocity is gradually reduced as the
magnitude of surface tension increases. In Fig. 7(d), it is observed that the nature of the distance
function is well kept by the appropriate reinitialization process [5,6]. The velocity distribution near
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(a) (b)
(c) (d)
Fig. 5. Comparison of the deformation processes and pressure distributions between four cases in Case 1. (a) Case 1.1,
















Fig. 6. Comparison of the transient liquid bridge shapes at 0:20 s between four cases in Case 1.
368 H. Kohno, T. Tanahashi / Journal of Computational and Applied Mathematics 149 (2002) 359–371
(a) (b)
(c) (d)
Fig. 7. Comparison of the deformation processes and pressure distributions between three cases (a)–(c), and the ve-
locity distribution (d) in Case 2. (a) Case 2.2, Pmax : 40:8 Pa; (b) Case 2.3, Pmax : 42:1 Pa; (c) Case 2.4, Pmax : 57:2 Pa;
(d) Vmax = 8:32× 10−2 m s−1.
the free surface is almost parallel to the surface line. That means the deformation process has almost
7nished and the shape of the liquid bridge is determined.
In the real FZ process, the frequency of the alternating current is much higher and the surface
tension is larger than that in Case 2.4. According to this fact, the numerical simulation corresponding
to the real FZ growth condition is 7nally carried out with high frequency (2 MHz) and the real
surface tension (6:00 × 10−1 N m−1). Fig. 9 shows three-dimensional view of Joule’s heat and the
distributions of magnetic 5ux density and velocity on the vertical plane including the central axis.
In Fig. 9(a), it is observed that the magnetic 5ux density does not penetrate into the silicon liquid
bridge although it is distributed throughout the air area. To be precise, this physical quantity is
concentrated on the thin layer including the surface. The cause of this phenomenon is the skin e;ect
which is appeared remarkably in the alternating magnetic 7eld with high frequency. The skin depth,






















Fig. 8. Comparison of the transient liquid bridge shapes at 0:20 s between four cases in Case 2.
(a) (b)
Fig. 9. 3D view of Joule’s heat and magnetic 5ux density (a) and 2D distribution of velocity (b) in Case 3.
(a) Bmax = 6:46× 10−3 T; (b) Vmax = 3:34 m s−1.
where 0 and f are the magnetic permeability in a vacuum and frequency. In this study,  is
calculated at 8:66× 10−4 m, about one-tenth of the radius. So, the Joule’s heat is generated only in
the thin layer by this e;ect, and the Lorentz force as a body force becomes weak. In addition, the
force of repulsion to the deformation is strong because of the large magnitude of surface tension.
Thus, the deformation quantity is restricted to be small as shown in Fig. 9(a). This is also con7rmed
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by the velocity distribution in Fig. 9(b). The direction of the velocity vector in the vicinity of the
free surface is almost parallel to the surface, which indicates that the liquid shape is determined.
5. Conclusions
Three-dimensional numerical simulations are carried out to investigate the characteristics of the
silicon melt convection and the deformation process in two main crystal growth techniques, CZ
and FZ methods. In the computation of the CZ melt convection, LES with the Smagorinsky model
is applied to solve the high Rayleigh and Reynolds number problems. In the FZ melt convection
under microgravity, LSM is adopted to calculate the large deformation problem stably, and hybrid
FEM-BEM is utilized for the calculation of the electromagnetic 7eld economically. The results
obtained in this study are summarized as follows:
5.1. CZ method
1. The radiation and the Marangoni e;ect on the free surface encourage the instability of the melt
5ow by promoting the initial 5uctuations. For that reason, some lumps with high temperature are
observed near the free surface.
2. In comparison with the e;ect of heat radiation, the Marangoni e;ect does not play an important
role to the melt convection in a large-scale CZ crucible.
3. The natural convection is suppressed by the Coriolis’ force as the increase of the crucible ro-
tational rate. As a result, the melt condition changes to the two-dimensional axisymmetrical
5ow.
5.2. FZ method
1. It is con7rmed numerically that the deformation of a liquid bridge caused by the Lorentz force
depends on the relative coil position, coil shape, and the magnitude of surface tension under
microgravity.
2. In the real FZ process, the magnetic 7eld physical quantities are concentrated in a tiny range in
depth from the free surface because of the skin e;ect. So, the deformation of a liquid bridge is
kept small with the help of large surface tension.
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